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ABSTRACT 

X 

An analysis is given of the structure of a general two-dimensional Toda field theory in- 
volving bosons and fermions which is defined in terms of a set of simple roots for a Lie 
superalgebra. It is shown that a simple root system for a superalgebra has two natural 
bosonic root systems associated with it which can be found very simply using Dynkin 
diagrams; the construction is closely related to the question of how to recover the signs of 
the entries of a Cartan matrix for a superalgebra from its Dynkin diagram. The signifi- 
cance for Toda theories is that the bosonic root systems correspond to the purely bosonic 
sector of the integrable model, knowledge of which can determine the bosonic part of the 
extended conformal symmetry in the theory, or its classical mass spectrum, as appropri- 
ate. These results are applied to some special kinds of models and their implications are 
investigated for features such as supersymmetry, positive kinetic energy and generalized 
reality conditions for the Toda fields. As a result, some new families of integrable theories 
with positive kinetic energy are constructed, some containing a mixture of massless and 
massive degrees of freedom, others being purely massive and supersymmetric, involving a 
number of coupled sine/ sinh- Gordon theories. 
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1. Introduction 



Toda theories provide a uniform way of constructing both massless and massive in- 
tegrable field theories from Lie algebras [1-4] . In recent years these models have received 
considerable attention. It is well known that those based on finite-dimensional Lie algebras 
exhibit extended conformal symmetry (see [5-7] for reviews) whilst those based on affine 
Kac-Moody algebras are massive integrable field theories for which exact S-matrices can be 
found (see eg. [8]). Toda theories based on Lie superalgebras have also been considered by 
a number of authors [9-26]. These integrable models contain both bosonic and fermionic 
fields, but they need not be supersymmetric in general. They have been studied princi- 
pally because they provide field-theoretic realizations of W-algebras, [13-18] but there has 
also been work concerned with S-matrices for massive models [20-26]. Results for theories 
based on superalgebras are much less complete than in the bosonic case, however. 

In this paper we establish a number of results concerning the structure of a Toda 
theory based on a general Lie superalgebra. We show that the bosonic sector of any 
such theory consists of a sum of bosonic Toda models whose lagrangians can contribute 
with positive or negative signs and we describe a simple way of reading off the Dynkin 
diagrams corresponding to these bosonic sub-theories from the Dynkin diagram of the 
original Lie superalgebra. By applying this idea to a conformally-invariant theory one 
can easily determine the bosonic subalgebra of the extended conformal symmetry which is 
responsible for the integrability of the model [5-7] , while for a massive theory one can find 
the classical mass spectrum in terms of the known mass spectra of bosonic models [3,8,27]. 
In addition to this information on the bosonic content of the theory, we give a criterion 
for the decoupling of certain fermionic degrees of freedom. After explaining these general 
results, we discuss various classes of examples. 

Almost all Toda models based on finite-dimensional Lie superalgebras are conformally 
invariant, in close analogy with the bosonic situation (the exceptions are discussed in 
sections 4 and 6). For models based on an infinite-dimensional superalgebra, however, one 
finds behaviour which differs markedly from the bosonic case. While bosonic affine Toda 
models are massive integrable field theories, we shall show that the bosonic sector of a 
theory based on an affine superalgebra can in general be a combination of massive and 
conformal bosonic Toda theories, typically including a number of free massless bosons as 
well. Our methods will allow us to identify those models which are purely massive. 

Another way in which superalgebra theories differ from their bosonic counterparts is 
that their kinetic energy can have indefinite signature. While this is not necessarily a fatal 
flaw, particularly in the context of conformal field theory where the study of non-unitary 
models is common, it is clearly interesting to ask which models have conventional, positive- 
definite kinetic energy. This point was originally raised by Olshanetsky [9] , but in fact the 
class of Toda models he considered can be generalized to allow for non-standard or twisted 
reality conditions on the fields [14,19]. Our techniques enable one to see easily how such 
reality conditions descend to the bosonic sector of a superalgebra theory. By extending the 
analysis in this way, we find new families of integrable field theories with positive-definite 
lagrangians. Most of these contain both massless and massive degrees of freedom, but 
several examples are purely massive and supersymmetric, consisting of sine/sinh-Gordon 
theories coupled together in various ways. 



1 



The Dynkin diagram construction at the heart of this paper is intimately related 
to the question of how one recovers a Cartan matrix from a Dynkin diagram for a Lie 
superalgebra, including the rather subtle issue of reconstructing the correct relative signs 
for all the entries. We discuss this in detail in the next section. We then move on to Toda 
theories proper and to the topics indicated above. Throughout the paper we consider only 
classical, abelian Toda theories with real coupling constants, but we shall draw attention 
at various stages to those theories that would be particularly interesting to investigate 
further at the quantum level. 

2. Simple roots and Dynkin diagrams 

We shall be concerned with Lie superalgebras Q {TV) defined in terms of some finite set 
of simple roots 1Z. This means we consider precisely the superalgebras of types A, B, C, D, 
E, F, G and their affine extensions, as defined by the Cartan-Kac classification. We first 
recall some elementary facts concerning these algebras; for more details, see [28-37,10]. 

The simple roots may be identified with a set of n vectors ojj living in an r-dimensional 
space V, with i e {1, . . . , n} (for affine algebras we project onto a horizontal subspace). 
Each simple root is graded bosonic (even) or fermionic (odd) as specified by the disjoint 
union TZ = B U T or equivalently by values of the labels % G e and i£t respectively, where 
e and r are complementary subsets of {1, . . . , n}. We denote the span of any set of vectors 
S in V by (S). The simple roots span the space, so V = {TV) and n > r (in fact n = r for 
finite-dimensional superalgebras and n = r+1 for infinite-dimensional superalgebras, with 
the exceptions of A(m, m) and A(m, mp 1 ^ which have n = r+1 and n = r+2 respectively.) 
Every superalgebra G{TV) contains a unique maximal bosonic subalgebra which we denote 
by Q{TV)^ os , but this depends on the entire root system 1Z and not just on the bosonic 
simple roots B. 

There is a natural inner-product on V which will be denoted by a dot and which 
is inherited from the invariant inner- product on the algebra Q{TV). The inner- product is 
non-degenerate on V, by construction (since we take projected roots for affine algebras). 
For bosonic algebras the inner-product is positive-definite but for Lie superalgebras it is 
typically of indefinite signature, which gives rise to some very important differences. If 
U is any subspace of V and U 1 - denotes the orthogonal subspace, then U fl U 1 - ^ {0} 
in general. If the restriction of the inner-product to U is non-degenerate, however, then 
U n U ± = {0} and V = U © U ± . 

The precise definition of Q {TV) can be given in terms of sets of generators Hi and Ef 
corresponding to the simple roots. These must satisfy the basic relations 

[Hi, Ef] = ±k tJ Ef , [E+, E~] = 5 tJ H t . (2.1) 

The Cartan matrix kij has dimension nxn, rank r, and it encodes all necessary information 
about the root system. In these equations, no summation is implied and the bracket is 
understood to be graded. The definition of the algebra must be completed by further 
conditions on the generators known as Serre relations [28,30,31,32,37]. 

It is clear that by re-scaling the generators Hi and Ef we can change the Cartan 
matrix kij — > Xikij (no summation) where Aj are any non-zero constants. Using this 
freedom, it is always possible to make the Cartan matrix symmetric; it is then just the 
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matrix of inner-products of the simple roots, which we write as kij = The 
matrix is unique up to a permutation of the simple roots and an overall constant. We 
can take its entries to be integers, except for D(2, 1; a) and its affine extensions at generic 
values of the parameter a. To define Dynkin diagrams, it is convenient to introduce a 
slightly different Cartan matrix which we write as kij = bij = Aja^, where Aj > 0. When 
the entries are integers, we can choose Aj so that bij are also integers which obey: 
(i) \bu\ = 2 or 0; (ii) if bu = then bij (j = 1, . . . , n) have no common factor. These 
conditions fix the normalization of each row, so that bij is unique up to an overall sign. It is 
also useful to note the properties: (iii) bij and bji have the same sign; (iv) if bij ^ bji then 
either \bij\ = 1 or \bji\ = 1. We can define bij satisfying (i), (iii) and (iv) for the exceptional 
D algebras too, but we must replace (ii) with some other criterion for normalizing the rows 
corresponding to null roots if b^ is to be unique. We emphasize that with our conventions 
the diagonal entries of a^- and bij can be positive or negative. There are a number of other 
choices for the Cartan matrix adopted in [10,30-37], many of which rescale the rows so 
that the diagonal entries are non- negative, so relinquishing property (iii). 

For any bosonic Lie algebra, the simple root system 1Z is essentially unique: any 
two simple root systems are related by the action of the Weyl group and the Cartan 
matrices coincide up to a permutation of rows and columns [28,30]. For a Lie superalgebra, 
however, it is quite possible to find inequivalent simple root systems TZ and 1Z' which lead 
to isomorphic algebras Q{TV) = Q{7V) despite the fact that their Cartan matrices are 
completely different. It is possible to reconstruct all allowed simple root systems for a 
given superalgebra from any one simple root system by applications of transformations 
which generalize the reflections contained in the bosonic Weyl group; for more details see 
[10,36,37]. We should merely be aware that for a given algebra there may be a number of 
equally valid simple roots systems 1Z. 

We now give rules for encoding the Cartan matrix bij in a Dynkin diagram — these 
follow very closely the usual bosonic conventions. 

• Draw a node for each simple root aij, coloured white if it is bosonic (zee), black if it 
is fermionic and non- null (i e r and af ^ 0), grey or hatched if it is fermionic and null 
(i E t and af = 0). 

• Draw a bond between the nodes corresponding to i and j consisting of max(\bij\, \bji\) 
lines, this being the strength of the bond, with an arrow from % to j if \bji\ > \bij\. 

We have assumed here that the entries of the Cartan matrix are integers. We can extend 
the rules to encompass those members of the continuous family D(2, 1; a) and their affine 
counterparts whose Cartan matrices have non-integer entries. We proceed as before, but 
instead of drawing a bond consisting of a number of lines to represent an integer, we draw 
a single line and label it with the real number b^ whenever necessary; see eg. [36,37]. 

The scheme above defines unambiguously how one draws a Dynkin diagram to repre- 
sent a given Cartan matrix. Although our choice for the Cartan matrix itself may differ in 
small ways from some others in the literature, the Dynkin diagrams which follow from the 
rules we have given agree with those which can be found in standard references such as 
[31,32,36,37]. So far everything seems like a simple modification of the bosonic situation. 
The big difference, however, is that one cannot uniquely reconstruct the Cartan matrix 
for a superalgebra from its Dynkin diagram without giving some additional rules. The 
problematical thing is how to recover the signs of the entries of the Cartan matrix. We 
have chosen to focus on aij and bij because they are the Cartan matrices which are most 
immediately relevant for constructing integrable lagrangians, but also because the signs of 
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their entries can be recovered in a relatively straightforward way. To explain how, it is 
best to describe in more detail what kinds of Cartan matrices and diagrams are actually 
allowed by the classification of [31-35]. 

It will be convenient to refer to the infinite series of superalgebras of types A, B, C, 
D as classical (so this term is being used here in a different sense than in [31,37]) and 
to distinguish them from the exceptional algebras G 2 , F 4 , E 6 , E 7 , Eg, D(2, l;a), G(3), 
F(4), all their affine extensions, and . The Dynkin diagrams for the finite-dimensional, 
classical bosonic Lie algebras of types A, B, C and D are shown below in Figure 1. 

a o — o o 



B 




c O^O O 




Figure 1: classical bosonic Dynkin diagrams 

In a similar spirit, let us introduce the symbols A*, B* and D* corresponding to the 
fermionic diagrams in Figure 2. 

a* o — o — o o 

b* — o O 




Figure 2: classical fermionic Dynkin diagrams 

All simple root systems for classical Lie superalgebras can be obtained by combining the 
bosonic diagrams in Figure 1 with the fermionic diagrams in Figure 2. Any Dynkin diagram 
for a finite-dimensional, classical superalgebra consists of a chain of alternating blocks of 
type A and A* which may in addition have a tail of type B, B*, D, D*, or C at one end 
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only. Any Dynkin diagram for an infinite-dimensional, classical superalgebra consists of a 
chain of alternating blocks of type A and A* which either has its ends joined to form a 
circle, this being permissible if the total number of grey nodes is even, or else has tails of 
type B, B*, D, D* or C attached at both ends. Any such diagrams are allowed. 

We will make much further use of the idea that the diagrams in Figures 1 and 2 
are building blocks for general Dynkin diagrams. In particular, this suggests an obvious 
notation for various other classes of diagrams. For instance, the Dynkin diagrams for the 
classical, bosonic affine algebras can be denoted: 



Algebra 


Type of Diagram 


*(i) 

A m-1 


A m nodes 


B (l) 
-Dm 


B-D m+1 nodes 


p(l) 


C-C m+1 nodes 


D (l) 
u m+l 


D-D m+2 nodes 


A (2) 
/i 2m-2 


B-C m nodes 


a(2) 
A 2m-1 


C-D m+1 nodes 


D (2) 


B-B m+1 nodes 



where m > 2 (compare with Figures 3 and 5 of [29] or Tables Affl and Aff2 of [30]). The 
symbol A indicates a diagram of type A whose ends have been joined to form a circle, 
while the other symbols indicate a joining of two diagrams of type B, C or D. (Note that 
when there are just two nodes A represents the same diagram as B-B or C-C; when there 
are three nodes B-D coincides with C-C, and C-D coincides with B-B; when there are four 
nodes A coincides with D-D.) We shall use a similar notation when we come to discuss 
fermionic diagrams, and in preparation we introduce two further classes B* and D* which 
contain both bosonic and fermionic nodes, as shown in Figure 3. Although these are 
composites of diagrams already defined, they will prove useful later. 

b* O 




Figure 3: two additional families of classical Dynkin diagrams 

We now supply the final ingredient in the correspondence between simple root systems 
and Dynkin diagrams for classical algebras by describing how to reconstruct the signs of 
the entries in a Cartan matrix from a diagram. For bosonic or fermionic simple roots with 
non-vanishing length-squared this is straightforward: in any connected part of a diagram 
which involves only white or black nodes, these nodes all represent numbers with the same 
sign, and the bonds attached to them all represent numbers with the opposite sign. For 
diagrams with null fermionic roots things are more complicated, however, and the relative 
signs must be taken in accordance with those written in Figure 4. (The associated bosonic 
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systems B± will be introduced shortly.) The signs on the dotted bonds of the fermionic 
diagrams indicate the choices necessary for an additional bond which appears in forming 
any larger, composite diagram. Notice that these rules could not be applied consistently to 
a circle containing an odd number of grey nodes; but, as mentioned above, such diagrams 
are forbidden by the classification of superalgebras. 



A* 



+ 



+ 



+ 




* + ~ + 
B* #^0- 



B + 




Figure 4: signs associated with fermionic Dynkin diagrams 



It would be nice to give a set of unambiguous rules for reconstructing such signs from 
any Dynkin diagram. Unfortunately, this is not possible if one adheres to the standard 
way of drawing Dynkin diagrams — which is now more or less universally followed — because 
there is an inherent ambiguity. The difficulty arises with diagrams of the type shown in 
Figure 5, where the dotted bonds can be of various of strengths. 




Figure 5: ambiguous Dynkin diagrams 

If these bonds are of strength one, for instance, the diagram could represent root systems 
for either of the algebras D(2,l) or A(l,l), depending on whether we take the signs cor- 
responding to the bonds to be equal or opposite. This means that there is not quite a 
one-to-one correspondence between diagrams and simple roots systems for superalgebras 
(and this is quite distinct from the fact that many different simple root systems can lead 
to isomorphic algebras). In practice, however, this ambiguity is not very serious because 
it involves essentially only this one particular class of diagrams. 

It is because of this complication that we have chosen to present things initially in 
a rather concrete way. We have also concentrated on the classical algebras because we 
shall not have much reason to deal directly with the exceptional algebras in this paper. 
Nevertheless, now that we have explained the difficulties, we can give a set of rules which 
is as clear-cut as possible and which allows one to recover the signs corresponding to any 
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Cartan matrix, including those for exceptional algebras. These rules apply to any Dynkin 
diagram or subdiagram (obtained by deleting a number of nodes and their attached bonds) . 

• For any white or black node in any diagram, the sign on the node is opposite to the sign 
on any bond attached to it. 

• For any diagram without branches (ie. consisting of a line or a circle of nodes) the signs 
on two bonds attached to any given grey node must be opposite to one another, with the 
following exceptions: 

(i) diagrams of the form shown in Figure 5, for which the signs may be equal or opposite; 

(ii) triangles of three grey nodes, which are dealt with by the next rule. 

(These exceptions involve members of the family D(2,l;ct) for various values of a.) 

• For any diagram consisting of a triangle of three grey nodes, the signs on the bonds must 
be such that the sum of the strengths of the bonds, taken with these signs, is zero. 

It is easy to see that these rules hold for all the classical examples given in Figure 4, 
and indeed that the signs given there are necessary consequences of these rules. The 
exceptional algebras G(3), F(4) and their affine extensions can be considered similarly; the 
Dynkin diagrams can be found in [36]. 

Now that we have clarified some aspects of the relationship between Cartan matrices 
and Dynkin diagrams, we consider a general simple root system 7Z = B U T and introduce 
two associated bosonic simple root systems B±. 

Definition: B± = { cti e B | a\ ^ } U { ctj + aj ; c^, aj e T | (o^ + ctj) 2 < }. 

The sets B± are clearly contained within the bosonic subsystem of the entire root system 
of G(1Z). If we consider the bosonic subalgebras Q(B±) which are generated by B±, these 
must be contained within Q (TZ) b os • The following observation will play a central role in all 
the following developments. 

Proposition 1: Let TZ be any superalgebra simple root system with B± defined as above. 

(a) The sets B± are mutually orthogonal and the restrictions of the inner-product on (TZ) 
to the subspaces (B±) are positive/negative-definite. Consequently G(B±) commute and 
we have a direct sum of Lie algebras Q(B + ) © G(B-) C G(TZ)b os - 

(b) If i,j e r then cti + ay G B± iff ai • aj <; 0. 

Proof: (a) The fact that the algebras commute follows immediately from the property that 
the sets of roots B± are mutually orthogonal, which can be established by inspection. On 
a simple bosonic Lie algebra, the invariant inner-product is essentially unique and must 
have definite signature. Hence, we need only check that the inner-product is positive or 
negative on any one simple root in each simple factor. It follows from the definitions of 
B± that it must be positive/negative-definite on (B±). Part (b) is immediate if the roots 
are both null, but it is also easy to check that it holds for the combination of a grey and 
a black node, or two black nodes, which occur only in (sub)diagrams of type B*. 

The significance of the sets B± will become clearer in the next section. Notice that 
part (b) of Proposition 1 allows the sets of roots B± to be read off very easily from the 
Dynkin diagram for TZ with the pattern of relative ± signs attached according to Figure 
4. Since this observation proves so useful, we have recorded the results for B± in Figure 4 
for the primitive kinds of fermionic diagrams A*, B* and D*. These results can easily be 
combined to find B± for more complicated root systems TZ. In general the diagrams for 
B± need not be connected and, correspondingly, the algebras G(B±) may consist of direct 
sums of various simple factors. 
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3. 



Simple root systems and integrable models 



First we establish some conventions. Two-dimensional super-Minkowski space has 
bosonic light-cone coordinates x ± and fermionic light-cone coordinates 9 ± which are real 
(or Majorana) spinors. Lorentz transformations act on these coordinates according to 
x ± — > e ±x x ± and 9 ± — > e ±x ^ 2 6 ± where A is the rapidity. Covariant super-derivatives obey 

D± = -^±-i9 ± d±, D 2 ± = -id ± , {D+,D_} = 0. 
A general bosonic scalar superfield has a component expansion 

$ = + ie+ip + + ie-%j}_ + ie + e~a . 

Note that the fermionic fields ip± are components of a spinor which transform under the 
Lorentz group according to ip± — > e^ x / 2 ip±, in contrast to the behaviour of the fermionic 
coordinates. This is consistent because spinor indices can be raised and lowered by revers- 
ing signs, though we shall never need to make use of this. We shall write spinor indices 
explicitly so as to avoid the introduction of Dirac matrices. However, we will adopt the 
usual notation for the Lorentz-invariant and parity-even inner-product 

Xifi = z(X+V>- + , 

which is real and manifestly symmetric for real fermions. 

Now given any simple root system of a Lie superalgebra 1Z = B U JF we can write down 
a corresponding integrable Toda theory in terms of a real scalar superfield $ which takes 
values in the target space V = (71). The equations of motion are 

HjCXj exp otj ■ exp aj ■ $ (3-1) 

j'6r jee 

and they can be derived from the superspace lagrangian density 

L = ^D+® • D-$ + y~]fJLj exp ctj-$ + i9 + 9~ ^ N ex P a i ' ^ • ( 3 - 2 ) 

For discussions of integrability of these equations see [1-6,9-13,16-22,25]. The quantities 
Hi are non-zero parameters with the dimensions of (mass) for % e r and (mass) 2 for i e e. 
These parameters can clearly be modified to some extent by shifting the fields <£>, but it is 
convenient to keep their values arbitrary for the moment. If desired one can introduce a 
dimensionless coupling (3 by taking L — > L/(3 2 , and often the Toda equations are written 
in a way which corresponds to taking $ — > in addition. This coupling will not be very 
important for us, since we work entirely classically. 

To pass to the component field formulation of the model, we expand the exponential 
terms and eliminate the auxiliary fields a in the standard fashion to obtain 

L = -^bos + -kferm + ^int) (3-3) 



8 



where the terms appearing in the component lagrangian are 



£bos = ^ d + (f) ■ d-4> - y^/ij expaj -(f)- ^ ^i/Uj («; • ay) exp(a; + atj) ■ <j> 

jee 

L ie rm = ^+ ' d~^+ + ' <9+V>- (3-4) 

^int = y^JfjLjjaj ■ ip+){aj ■ if}-) expoy ■ (f) . 

For future reference we also record the component field equations: 

d+d-4> = — f^j a j ex P dj • (f) — 2^*^' ( ai a j) ' a J ) ex P( a i + a j) ' 

• X! /// '°' !o ' •V'-)expa i -0 , (3_ 5 ) 

9zptp± = T f^j a j ( a j ' V't) eX P a j ' <t> ■ 

It should be clear either from the superspace description or from the component version 
written above that the To da model really does depend on the particular simple root system 
1Z rather than on the superalgebra Q(TZ). We will see examples below of Toda models with 
very different properties which are based on inequivalent simple root systems for the same 
superalgebra. 

The bosonic sector, with lagrangian Lb os i n (3-4), must be integrable by itself, because 
if the fermions are set to zero at some initial time then they remain zero according to the 
full set of equations of motion. But it is clear that this bosonic model is not necessarily a 
Toda theory based on a simple Lie algebra. Rather, Lbos will generally consist of a sum 
of several independent bosonic Toda theories, possibly including a number of massless free 
fields. Each of these independent factors may contribute to the lagrangian with either 
a positive or a negative sign. It is therefore appropriate at this stage to try to clarify 
some troublesome points concerning the positivity of actions, kinetic energy, and potential 
energy. 

It is very important to distinguish between the overall sign of the lagrangian, which 
is irrelevant at the classical level, and the relative sign between the kinetic and potential 
terms, which has much more immediate physical significance. This relative sign determines 
whether a given classical solution is stable, and in particular the sign must be chosen 
correctly if the theory is to have oscillations with positive (mass) 2 about a given stationary 
point of the potential. This is why we consider a bosonic lagrangian \d+4> ■ d-4> — U((f>) to 
be physically sensible when the inner-product in the kinetic term is positive-definite and 
the potential U ((f)) is bounded below. We shall say that any lagrangian or action of this 
type is positive-definite, or that it has positive signature. But from the classical point of 
view we could equally well change the lagrangian by an overall sign, or equivalently take 
the inner-product to be negative-definite and the potential to be bounded above. We refer 
to such a lagrangian or its action as being negative- definite or having negative signature. If 
the inner-product is neither positive- nor negative-definite we shall say that the lagrangian 
has indefinite signature. 
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We must expect Lbos in (3.4) to have indefinite signature, in general. The correspond- 
ing Toda equations (3.5) will still be integrable (in the sense discussed in [9-25]) no matter 
what values of the parameters \ii we choose, but when we pay closer attention to the rela- 
tive signs between kinetic and potential terms in (3.4), we find that there are some choices 
of particular physical interest. In fact, we can always ensure that Lb os is a combination of 
bosonic Toda models which are all individually positive- or negative-definite, even though 
their sum may have indefinite signature. 

Proposition 2: Consider the Toda theory based on a simple root system 1Z. The bosonic 
sector has a lagrangian of the form 

L bos = L + + L_ + L (3.6) 

where L± are lagrangians for bosonic Toda theories based on simple root systems B± and 
Lq is the lagrangian for a number of free massless scalars fields. This sum of lagrangians 
corresponds to an orthogonal decomposition of the target space V = V+ © V_ © Vq where 
V± = (B±) are the target spaces for L± and Vq = ((£> + ) © (B-)) 1 - is the target space for 
L . The lagrangians L± are positive/negative-definite if we choose \ii ^ for of ^ when 
i E e, and \ii all with the same sign when i e r. Each of the scalar fields in L may 
contribute with a positive or negative sign. 

Proof: These statements can all be checked directly from (3.4) in conjunction with the re- 
sults of Proposition 1. In particular, part (b) of Proposition 1 ensures the positive/negative- 
definite nature of L± with the choices of signs for /z^ given above. 

This gives an essentially complete description of the bosonic sector of any Toda theory 
based on a superalgebra. Moreover, the relevant semi-simple algebras with root systems B± 
can be determined very easily for any given TZ by using part (b) of Proposition 1 together 
with the information summarized in Figure 4. Taken together, these facts constitute a 
simple diagrammatic method for determining the bosonic sector of any Toda theory, and 
much of what follows in the rest of this paper rests on this idea. Some examples will be 
given in the following sections. 

When we turn to consider the fermions in (3.4) we see that Lf erm is a free lagrangian, 
and that all the remaining non-trivial interactions are contained in Lj nt . We should em- 
phasize that these interactions will link together the various components of Lbos described 
in Proposition 2; it is only when the fermions vanish that these components decouple. We 
will not attempt to analyze the structure of L- int in any generality, except for the following 
observation. 

Proposition 3: Consider the Toda theory based on a simple root system 1Z. If the inner- 
product on V = (71) is non-degenerate when restricted to the subspace (J 7 ) spanned by 
the fermionic simple roots, then V = (J 7 ) © {J r )~ L - In this case the only relevant fermionic 
degrees of freedom are those fields in (JF), while those in (J 7 ) 1 - obey free, massless equations 
of motion and are decoupled from all other fields. 

Proof: First notice that if u> is any vector in (J 7 ) 1 - then the fermion field u ■ ifj± always 
obeys a free equation of motion according to (3.5). To show that a given field decouples, 
however, we must also demonstrate that it does not act as a source for other fields by 
being present in the interaction terms. From the expression for Lj nt , it is clear that the 
fermion fields which are absent from the interaction terms are precisely those living in the 
subspace (J 7 ) ± - When the inner- product is non-degenerate on (J 7 ) we can decompose any 
ip as a sum of fields in (J 7 ) and (J r ) ± in a unique way, and the result follows. 
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Corollary: If there are no fermionic null roots in 7Z, the fermions in (F) 1 - always decouple, 
since the inner-product is positive-definite on V = (TV) and so non-degenerate on any 
subspace (this is the situation discussed in [9,17]). An even more special case arises when 
there are no fermionic roots at all, so 1Z = B. Then all the fermions are decoupled, Lbos 
is the usual bosonic Toda theory based on B and is the only non-trivial part of (3.4). In 
this sense the superspace construction contains the usual bosonic Toda construction [1-4] 
as a special case. 

We now summarize the classification of two important categories of Toda models. It 
turns out that they share the rather special property that their bosonic sectors correspond 
to the entire bosonic subalgebras G(R) b os of Q(7l). 

Proposition 4: Consider the Toda theory based on a simple root system 1Z. 

(a) The theory is supersymmetric iff the simple root system is entirely fermionic, 1Z = T\ 
a complete list is given in Table 1 (following [10,13,15]). 

(b) The theory with real fields has a positive-definite lagrangian iff 1Z has no null roots; 
a complete list of such systems involving at least one fermionic root is given in Table 2 
(following [32,9]). 

(c) In each of these cases we have G(B + ) © G(B-) = Q(7l)hos, whereas in general the 
left-hand side can be a proper subalgebra. 



Table 1: Totally fermionic simple root systems 

(a) Linearly independent systems for finite-dimensional superalgebras 

Superalgebra Simple root system Bosonic subalgebra 

A(m,m-1) A* 2m nodes A m © A m _i © U(l) 

B(m-l,m) B* 2m- 1 nodes B m _! © C m 

B(m, m) B* 2m nodes B m © C m 

D(m+l,m) D* 2m+l nodes D m+i © C m 

D(m,m) D* 2m nodes D m © C m 



D(2,l;a) A x © Ai © A 



i 



(b) Linearly dependent systems for finite-dimensional superalgebras 
Superalgebra Simple root system Bosonic subalgebra 

A(m, m) A* 2m+l nodes A m © A r 



(c) Linearly dependent systems for infinite-dimensional superalgebras 



Superalgebra 


Simple 


root system 


Bosonic subalgeb: 


A(m, m)*- 1 -* 


A* 


2m+2 nodes 


A (1) ff> 


A (i) 


A(2m, 2m) W 


B*-B* 


2m+l nodes 


A (2) ffi 


a(2) 
A 2ra 


A(2m+l,2m+l)( 2 ) 


D*-D* 


2m+3 nodes 


a(2) 
A 2m+1 


ffi A (2) 


A(2m+l,2m)( 2 ) 


B*-D* 


2m+2 nodes 


a(2) 
A 2m+1 


ffi A (2) 


B(m, mp 1 ' 


B*-D* 


2m+l nodes 


B m © 


p(l) 


D(m+l,m)W 


D*-D* 


2m+2 nodes 


D (1) ( 

U m+l ( 


©c« 


D(m,m)( 2 ) 


B*-B* 


2m nodes 


D m ffi 


p(l) 


D(2,l;a)W 








A« © 
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For all entries m > 1, where we define D(l,m) = C(m+1) and note D(l, 1) = C(2) = 
A(l, 0). Each of the superalgebras listed has a unique purely-fermionic simple root system 
which we have expressed in terms of the building blocks introduced in Figure 2. The 
notation A* stands for a diagram consisting of a circle of grey nodes, and the other symbols 
indicate diagrams formed by joining building blocks of types B* and D*, as discussed in 
the last section. Dynkin diagrams for the exceptional D families may be found in [37]. 



Table 2: Simple root systems with positive-definite inner-product 



(a) Linearly independent systems for finite-dimensional superalgebras 

Superalgebra Simple root system Bosonic subalgebra 

B(0,m) B# m nodes C m 

(b) Linearly dependent systems for infinite-dimensional superalgebras 



Superalgebra 

B(0,m)W 
A(2m+1,0)( 2 ) 
A(2m,0)W 
C(m+1)^ 



Simple root system 

B*-C m+1 nodes 
B*-D m+2 nodes 
B*-B m+1 nodes 
B*-B* m+1 nodes 



Bosonic subalgebra 

r (i) 

A (2) 
A 2m+1 



A 



(2) 
2m 



p(l) 



For all entries m > 1, and the building blocks signifying the type of diagram include B* 
introduced in Figure 3. (The bosonic sectors given in Table 1 of [9] are incorrect in some 
instances; this was also noted in [24].) 

We explained above that the overall sign of a lagrangian is essentially unimportant for 
a classical theory. But the situation is rather different at the quantum level: the definition 
and interpretation of a quantum theory becomes considerably more subtle if the lagrangian 
is not positive-definite. Now on the one hand we have grown accustomed in recent years 
to the idea that indefinite or complex lagrangians can be useful quantum-mechanically in 
the description of non-unitary models, or even of unitary models if some projection onto 
a subspace of physical states can be implemented [38,39,40]. Having said that, it is also 
natural to retain a particular interest in those actions which are positive-definite — like 
those listed in Table 2 — which can be quantized in an entirely straightforward way. In this 
paper we will certainly keep an open mind regarding the likely importance of theories with 
indefinite signature; but we will also single out for special attention those theories which 
are positive-definite. 



4. Examples with extended conformal symmetry 



Toda theories provide a valuable source of examples of extended conformal symmetries, 
in which the Virasoro algebra is embedded within some larger W-algebra. In fact the 
Toda construction, or the related procedure of Hamiltonian reduction, provides one of 
the most systematic ways of constructing W-algebras, and may perhaps lead to some 
eventual classification of them. The W-algebras arising from bosonic Toda theories have 
been investigated from a variety of different points of view. The W-algebras arising from 
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superalgebra models are much less well studied. In this context our results concerning 
the structure of a general Toda model can provide some basic information on the bosonic 
sectors of these new extended conformal symmetries. 

Let us now briefly recall how conformal symmetry arises. The following statements 
are well-known but it is useful to collect them in a proposition for completeness and for 
future reference. 

Proposition 5: Given a simple root system 1Z which is linearly independent, the corre- 
sponding Toda model is invariant under conformal transformations x ± — > y ± (x ± ) acting 
on the fields according to 

<p(x + ,x~) -> <p(y + ,y~) + plog(d + y + d-y~) 
^ ± ( x +, x -) - (d ± y ± ) 1 / 2 ^ ± (y+,y-) 

where the vector p is defined by the conditions 

f 1 i Ee 

Linear independence of 1Z (or n = r) ensures that p exists; this holds for all finite- 
dimensional Lie superalgebras, except for the family A(m, m) (which is unusual in having 
n = r+1). If 1Z = J 7 , so that the model is also supersymmetric, then conformal invariance 
is extended to superconformal invariance. A complete list of superconformal models is 
therefore given in Table 1, section (a). 

Proof: These statements can be verified directly from (3.4) or (3.5); for details see eg. [13]. 

A consequence of 1Z being linearly independent is that we can always re-define the 
Toda fields by additive constants so as to make \pi\ = 1. The fact that these mass 
parameters can essentially be eliminated is a manifestation of conformal invariance. The 
inhomogeneous pieces in the transformation of the bosons in (4.1) give rise to a classical 
central charge 12p 2 but this is generally modified quantum-mechanically — see [2,13] and 
references given there. 

To illustrate the results of the previous section, we list in Table 3 all linearly indepen- 
dent simple root systems of rank 1 or 2, together with a selection of root systems of rank 
3. In each case we specify 1Z by its Dynkin diagram and give the corresponding bosonic 
systems B± as found by our diagrammatic method. The number of free scalar fields in 
the bosonic sector of the Toda theory is indicated by the dimension of Vo, and in all these 
examples they contribute with a negative sign. Simple root systems of higher rank can be 
considered in an exactly similar fashion. 

The examples labeled (l)-(6) are particularly instructive and so we shall examine them 
more closely. We adopt the notation $^ = oti • $ for superfields and their components. It 
will be convenient to denote the lagrangians for a free massless boson 4> and fermion ip by 

£free(0) = d + (p d-(p , L iree (ip) = iip + d-ip + + iip-d+ip- , (4.2) 

respectively. The overall normalizations for various lagrangians appearing below will not 
always be standard, but we choose them in order to eliminate as many awkward numerical 
factors as possible. 
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Table 3: Some low-rank linearly-independent simple root systems 



(2) 
(3) 
(4) 
(5) 



Superalgebra 

(i) M 

B(0,1) 
B(0,2) 
A(1,0) 
A(1,0) 
B(l,l) 
B(l,l) 
A(2,0) 
B(l,2) 
B(2,l) 

(6) C(3) 
D(2,l) 



K 



o — o 




-o 



o 
o 
o 



o — o 



o 



o 



dimVo 



1 
1 
1 

1 
1 




(1) Ai: the simplest possible Lie algebra produces the prototype of all Toda models — the 
Liouville theory. This consists of a single bosonic field with lagrangian 

-^exp(^) = d + (pd-(j) - exp2(p . (4.3) 

In the superspace approach, this actually comes accompanied by a free fermion ip so that 



£bos — -^exp(^) , Li e 



LiveeW 



(4.4) 



As for any bosonic algebra, however, the fermionic degrees of freedom decouple completely. 

(2) B(0, 1): the simplest possible superalgebra with a single fermionic simple root. On 
choosing a suitable normalization for the fields, the expressions for Lb os and Lf erm given 
in (4.4) above are unchanged. But the fermion is no longer free; instead it is coupled to 
the Liouville field through the interaction term 

L^t = V>V> exp . (4.5) 

This is the supersymmetric Liouville theory (see eg. [11] and references given there). 

(3) B(0,2): 1Z has r = {1} and Cartan matrix 



dij — 



1 -1 
-1 2 
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The full set of equations of motion is 

d + d-(pi = - exp 20i + exp 2 + | V'iV'i ex P 4>i > <9±*0i T = =•='01 ± ex P 4>i , 
d + d-4> 2 = exp 20i - 2 exp 2 - ^lV'i exp 0i , <9±V2=f = TV'ii exp 0i . 

We can see directly from these equations that the bosonic sector is a C2 Toda theory with 
fields 20i and 02, confirming the information given in Table 3. It is also evident that the 
only relevant fermionic field is ifti, since the combination ipi + -02 decouples, in keeping 
with Proposition 3. Following on from example (2), this is the next member of a series of 
conformally-invariant models based on the root systems for B(0, n) [17] — see Table 2 (a). 
For n > 1 the models are not supersymmetric; they consist of a C n Toda theory, with the 
field 20i corresponding to the long root, and 0i coupled to a single fermion ifti through 
an interaction of type (4.5). 

(4) A(1,0) = C(2): K has r = {1, 2} and Cartan matrix 

a v-yi ) • 

The equations of motion now read 

<9 + <9_0i = - exp(0i + 02 ) + §^2^2 exp 2 , d±ipi T = ±ip 2 ± exp 2 , 
d + d-4> 2 = - exp(0i + 02 ) + 5^1 V>i ex P ^1 ' ^±-02=f = ±^i± exp 0i . 

Since the root system is entirely fermionic, this model is supersymmetric. The bosonic 
sector consists of an Ai Toda, or Liouville theory, together with a scalar field. More 
precisely, if we introduce the fields 

2u = 0i + 02 and 2v = 0i — 2 (4.6) 

then the bosonic sector is 

£bos = L + + L = L exp (w) - L iree (v) . (4.7) 
Similarly, if we adopt corresponding redefinitions for the fermions 

2X = ipi + 1P2 and 2rj = ^1 - "02 (4.8) 

then we have 

L ferm = L free (X) - ^free(^) • (4.9) 

We can complete the description of the model in terms of these new fields by giving the 
interaction term 

Lint = (XX + fjrf) exp u cosh v + 2xr\ exp usinhw . (4-10) 

This example is known to be closely related to the N = 2 super Liouville theory; we will 
return to it briefly in section 7. 
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(5) A(1,0)=C(2): K has r = {2} and Cartan matrix 




2 

-1 



-1 




The equations of motion are 



d+d-<pi = — 2exp0i 
d + d-4>2 = exp^i , 



d±"0iT = = FV'2± exp 02 , 



The bosonic sector is again based on Ai © U(l) where now 0i is the Liouville field and 
01 + 202 is the scalar, but apart from this the equations of motion make clear that this 
model bares little resemblance to the previous example based on the same algebra, eg. it 
is not supersymmetric. This illustrates the fact that the properties of the Toda theory 
depend fundamentally on the root system rather than on the algebra which it defines. In 
general there is no reason to expect even that the bosonic sectors should coincide. Notice 
also that neither of the fermions are decoupled in this example, despite the fact that •02 
obeys a free equation of motion. 

(6) C(3): 1Z has r = {1,2} and Cartan matrix 



The bosonic sector corresponds to C 2 © U(l). As in example (4), it is useful to introduce 
the combinations of fields (4.6) and (4.8). The expression for the bosonic lagrangian is 
then similar to (4.7) except that L_|_ is now a lagrangian for a C2 Toda model with fields 
u and 03 while v is still the free scalar which contributes with opposite sign. Proposition 
3 states that -03 decouples, leaving X and 77 as the only important fermionic degrees of 
freedom, and (4.9) is unchanged. The interaction term (4.10) is also unchanged. This 
analysis can be generalized immediately to any of the algebras C(m) with root systems 
of type D*. The lagrangian L + becomes a C m _i Toda model in general, but there are 
only ever two relevant fermions which interact with the bosons in just the way we have 
described. 



5. Examples without conformal symmetry 

For bosonic Toda theories there is a clear-cut distinction between those based on 
finite-dimensional algebras, which are conformally invariant, and those based on affine 
algebras, which are massive. In the last section we saw that Toda theories based on 
finite-dimensional superalgebras are also conformally invariant (with the exception of the 
A(m, m) series) just as in the bosonic case. When we come to Toda models based on affine 
superalgebras, however, we find a whole range of new possibilities. Some models resemble 
their bosonic siblings in that they consist entirely of massive degrees of freedom. But 
others contain mixtures of massless and massive modes, and some may have no massive 
degrees of freedom at all in their bosonic sectors. 
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Table 4: Some low-rank linearly-dependent simple root systems 
Superalgebra 1Z B + £>_ 



(1) A« 

(2) A(1,0)( 2 ) 
A(2,0)( 4 ) 
B(0,1)W 
A(2,2)W 
D(2,l)( 2 ) 
A(2,l)( 2 ) 

(3) B(1,1)W 
A(2,l)( 2 ) 



A(1,0) 



(i) 



(4) A(1,1)W 
A(1,1)W 
A(2,0)« 
A(3,l)( 2 ) 

(5) D(2,l) (1) 



e x w ^ 



i> 

; f 



— 



— 

O — O 

) 




.y w 



o 



o 
o 



dimVo 











o o 



We can readily see how these various possibilities arise by applying our diagrammatic 
method to determine the bosonic sectors of a number of representative examples, with 
results summarized in Table 4. It is generally straightforward to combine the diagrams in 
Figures 2, 3 and 4 in order to extract the necessary information. The only cases in which 
a little extra thought may be required are those root systems with a very small number of 
nodes so that the tails of the affine diagrams are not well-separated; we have included the 
least obvious examples in the table. 
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To amplify our previous remarks, we note that some of these models are purely mas- 
sive, including those labeled (l)-(5); some contain mixtures of massive and massless degrees 
of freedom (the most trivial possible conformal theory being a free massless field) ; and one 
theory, based on the second choice of simple roots for A(l, l)*- 1 -*, has a confer mally-invariant 
bosonic sector. Many more examples of each kind can be found by looking at higher-rank 
diagrams. The cases (l)-(5) turn out to be of special interest, so we now consider them in 
more detail. 

We mentioned in the last section that for TZ linearly independent, r = n, we can choose 
the values of as we please by making constant shifts in the fields. In this section we 
are taking 1Z to be linearly dependent. All but one family of simple roots of this type have 
n = r+1, in common with bosonic affine algebras. This means that they obey exactly one 
linear relation and so, while we may be free to alter ratios of the parameters there is 
always one surviving overall mass scale m which cannot be eliminated. The exceptions, 
with n = r+2, are simple root systems for the algebras A(m, m)^ 1 ' . In these cases there are 
two independent mass parameters m and m', or equivalently a single mass parameter m and 
an additional dimensionless ratio 7 = m/m! (in addition to the possibility of introducing 
the usual kind of Toda coupling (3 which we are omitting throughout). In all the examples 
below Hi will be chosen to be a zero-eigenvector of the Cartan matrix, ensuring that the 
minimum of the bosonic potential occurs where the fields vanish. As with the conformal 
examples, we adopt overall normalizations so as to fix various numerical constants in a 
simple way. 

(1) A^: the simplest affine Lie algebra, with Cartan matrix 




Note that the rows are proportional to one another, implying a linear relation between 
the superfields $1 + $2 = 0. This results is the prototype of all affine Toda theories — the 
sinh- Gordon theory. There is a single independent bosonic field 4> of mass m governed by 
the lagrangian 

L sinh ((j);m) = d + (j)d-(j) - m 2 sinh 2 </> 

= d + (j)d-(j) - im 2 (cosh2(/>- 1) , °" 

where we have added a constant to make the minimum value of the potential zero. As with 
the Liouville theory, this is accompanied in the superspace construction by a free massless 
fermion ip so that 

£bos = L sinh ((p] m) , L ferm = L {ree (ip) , (5.2) 

but the boson and fermion do not interact with one another. The relationship with the 
sine-Gordon theory will be discussed in section 7. 

(2) A(1,0)( 2 ) = C(2)( 2 ): defined by the same Cartan matrix as above, but now the roots 
are fermionic and the theory is supersymmetric. With a suitable normalization for the 
fields, the terms Lb os an d -kferm are unchanged, but there is an additional interaction term 

Lint = rmfjifj cosh (f> (5-3) 

which gives the fermion a mass m equal to that of the boson. This is the supersymmetric 
sinh- Gordon theory. 
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(3) B(l, 1) (1) : K has r = {1, 2, 3} and Cartan matrix 




There is a single linear relation amongst the simple roots, and consequently the superfields 
obey 2$i + $2 + $3 = 0. The bosonic sector consists of a pair of Toda models, 
or sinh-Gordon theories, which contribute with opposite signs. To see this explicitly we 
introduce the independent fields 

U = -01 = 01 + 2 + 03 , 2t> = 01 + 02 = -(01 + 03) , 

and in terms of these we find 

L bos = L + + L_ = L sinh (u; 2m) - 4L sinh (v; m) . (5.4) 

Note that the masses of these two theories are different and also that the relative coefficient 
between their lagrangians cannot be changed. If we introduce the corresponding fermionic 
fields 

X = -ipi = i>i + tp2 + -03 , 2?7 = Ipx + ?/>2 = + ^3) , 

then we find similarly 

£ferm = ^free(X) - 4L free (?7) . (5.5) 

The interaction term is also easily found to be 

Lint = m { XXexp(-u) + ( XX + Afjr) ) exp u cosh 2v + 4xt] exp u sinh 2v } . (5.6) 

(4) A(l, l)^): K is defined by r = {1, 2, 3, 4} and the Cartan matrix 

/ 1 0-1 
10-10 
0-101 
\-l 1 



As mentioned earlier, there are two linear relations amongst simple roots for these algebras, 
and in this case we have <E»i + $3 = $2 + $4 = 0. Once again the bosonic sector consists of 
a pair of sinh-Gordon theories which contribute with opposite overall signs. We introduce 

2U = 0i + 02 = -(03 + 4 ) , 2% = ^1 + ^ 2 = -(-03 + -04) , 

2V = 01 + 04 = -(02 + 3 ) , 2l] = ^1 + ^4 = -(V>2 + ^3) , 

and then the bosonic sector is given by 

L bos = L + + L_ = L sinh (u; m) - L sinh (v; m) , (5.7) 
while in the fermionic sector 

L ferm = Lfree(X) - L iree (l]) . (5.8) 
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Lastly, we find the interaction term 

Lint = \m{ XX + fj-q ) { 7 cosh(-u + v) + 7 _1 cosh(-u — v)} 

+ mXr] {7 cosh(-u + v) — 7 _1 cosh(-u — v) } (5-9) 
= m(xx + fjrj) cosh u cosh v + 2mXJ] sinh u sinh u when 7 = 1. 

Notice that the masses of the sinh-Gordon theories appearing in L± are equal, irrespective 
of the value of the dimensionless parameter 7. The case 7 = 1 is given explicitly in 
preparation for some observations to follow in Section 7. 

(5) D(2, 1) K defined by r = {1, 2, 3, 4} and Cartan matrix 

/ 2-1 -1^ 
2 0-1-1 



a *7 — 



-1-10 2 
V-l -12 / 



Here there is one linear relation $1 + $ 2 + $3 + $4 = 0. In this case the bosonic sector 
consists of three sinh-Gordon theories, one contributing positively, the others negatively. 
We introduce the independent fields 

2u = 01 + 02 = ~(03 + 04) , 2% = + ^ 2 = -(V>3 + ^4) , 

2^1 = 0i + 03 = -(02 + 04 ) , 2?7i = V>1 + ^3 = -(^2 + ^4) , 

2v 2 = 01 + 04 = -(02 + 03) , 2772 = Ipl + = ~{lp2 + fa) ■ 

Then the bosonic sector is 

L bos = L + + L_ = L sinh (w; 2m) - 2L sinh (i>i; m) - 2L sinh (i! 2 ; m) , (5.10) 
and in the fermionic sector 

Lfer m = £free(V0 ~ 2Lf r ee(??l) - 2L iree (l] 2 ) ■ (5.11) 

A short calculation reveals the interaction term 



L^t = m(xx + fjiTji + 772^2) { exp *ucosh(i>i + v 2 ) + exp (—it) cosh(i>i - v 2 ) } 
+ 2mfjit] 2 { exp , ucosh(wi + v 2 ) — exp (—it) cosh(i;i — v 2 ) } 
+ 2mX'r]i{ expttsinh(t)i + v 2 ) — exp (—it) sinh(i;i — v 2 ) } 
+ 2mXr] 2 { exp it sinh(i>i + v 2 ) + exp (—it) sinh^i — U2) } . 



(5.12) 



If we set vi = v 2 = v and 771 = i] 2 = rj then we recover example (3) above. This is 
because the simple root systems involved are related by the folding operation discussed for 
superalgebras in [36]. 

Given everything we have said so far, it is natural to ask which Toda theories based 
on superalgebras are purely massive. 
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Proposition 6: A Toda theory is purely massive iff it is based on a simple root system 
1Z whose Dynkin diagram belongs to one of the following classes: 

(a) Affine diagrams with no grey nodes — in addition to the usual bosonic affine root 
systems we have precisely the cases listed in Table 2, section (b). 

(b) Affine diagrams which are entirely fermionic, ie. which give massive supersymmetric 
theories — precisely the cases listed in Table 1, section (c). 

Proof: In order to get a purely massive bosonic theory there must be a linear relation 
amongst the roots in both B+ and £>_, so that they both represent affine bosonic alge- 
bras; this means the numbers of nodes in these diagrams, denoted by n, must exceed the 
dimensions of V± = (B±). But in addition B + and £>_ must together span V to ensure 
that V is trivial and so exclude massless scalars. Let us consider first those diagrams with 
n = r + 1, which omits just the root systems of A(m, mp 1 '. We have one linear relation 
on 1Z and hence at least one on B+ U B- . If either of B± is empty, then this single linear 
relation can suffice to make the remaining bosonic root system affine — this gives rise to the 
class of allowed cases in (a). If neither of B± is trivial, however, then we need one extra 
linear relation to ensure that both represent bosonic affine root systems. For all allowed 
Dynkin diagrams, it is easy to see that the number of bonds never exceeds the number 
of nodes by more than one. Using this in conjunction with the definitions of B±, we see 
that n(£> + ) +n(B-) < n(1Z) + 1, with equality only when 1Z = T is purely fermionic. This 
gives rise to almost all the examples in class (b). Finally, we must consider root systems 
for A(m, m)^ 1 ) with n = r + 2. But these diagrams are all circular, which means that the 
bound used above can be improved to n(B + ) + n(B-) < n(1Z), again with equality only 
for the purely fermionic case. This allows just the last entry in Table 2, completing the 
proof. 

The examples (l)-(5) from Table 4 all belong to one or other of the classes in Proposi- 
tion 6. We should emphasize that for class (b) — supersymmetric models — the lagrangians 
are generally of indefinite signature. Nevertheless, from what we have said in Section 3, 
the masses of the bosons are perfectly well-defined, since the relative sign between the 
potential and kinetic energy terms is always physically sensible (provided we choose the 
parameters \ii as indicated in Proposition 2). Furthermore, the lists of bosonic sectors 
given in Tables 1 and 2 tell us immediately the bosonic masses of any of the superalgbera 
theories in Proposition 6, in terms of the known results for bosonic Toda models [3,8,27]. 
This provides a proof of the mass formulas for the particular series A(m, m)^\ B(m, m)^\ 
and D(m+1, m)^ which were conjectured in [25] on the basis of computer calculations. 

For the supersymmetric examples in class (b) of Proposition 6, the fermions must be 
degenerate in mass with the bosons. Whether these models can be associated with 'pseudo- 
unitary' quantum S- matrices (see eg. [41,40]) as suggested by perturbative calculations [25] 
is a fascinating issue, but not one that we shall attempt to pursue here. By contrast, the 
examples in class (a) have conventional positive-definite lagrangians and so they can be 
quantized straightforwardly. Since they are not supersymmetric, the bosonic and fermionic 
masses will be different. Some relevant S-matrices are discussed in [24]. 
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6. Conformal curiosities 



We stated in Proposition 5 that the existence of a conformal symmetry (4.1) relies on 
1Z being linearly independent. But there are numerous Toda models for which TZ is linearly 
dependent and yet for which the bosonic sector Lbos is conformally invariant when taken 
in isolation. Perhaps the most striking examples are those based on the finite-dimensional 
algebras A(m, m) whose special properties were noted in section 4, though we have seen 
similar behaviour for several other models based on infinite-dimensional superalgebras in 
the last section. In all these cases we must conclude that the interactions with the fermions 
break the conformal invariance present in the bosonic sector. It is interesting to consider 
whether the conformal symmetry might be extended in some more subtle way so as to 
include the fermions. 

Keeping to our earlier notation, we write 4>j = aj ■ <f> and ipj = aj -ip, and we consider 
the transformations 

0. ^ . + hj lo g ( d+ y+ d _y-) , _> (d ±V ± ) 1 - h ^ j± , (6.1) 

where hj may be a different real number for each fermionic root aj. The usual choice, 
corresponding to (4.1), is hj = 1/2. It is easy to see from (3.4) that the relationship between 
the conformal weights of the bosons and fermions in (6.1) automatically renders the terms 
in Li n t invariant. The problem is that it is much more difficult to achieve invariance of 
the other terms — particularly since a linear relation amongst the simple roots imposes a 
corresponding relationship amongst the fields and hence amongst the possible values of 
the numbers hj. There are, however, two families of examples in which exotic conformal 
symmetries of this type exist. 

First we consider a Toda model based on A(m, m), 1Z being of type A* with 2m— 1 
nodes. Examination of the Cartan matrix reveals that the linear relation involves only 
the odd-numbered roots: ^ ■ a 2 j+i = 0. Now it is easy to see that in this case (3.4) is 
invariant if we choose hj = for j odd and hj = 1 for j even, and that this is consistent 
with the linear relation amongst the fields. (Here 'odd' and 'even' refer to the values of the 
integer labels, not to the grading of the roots, which are all fermionic!) This was pointed 
out in [15] for the simplest case based on A(l,l). The second set of examples is based on 
A(m, m— 1), again with 1Z of type A* but this time with 2m nodes. Now the simple roots 
are actually linearly independent, and we have already seen that this model is invariant 
under the standard conformal transformations with hj = 1/2. But in fact it is invariant 
under any assignment of conformal weights of the type 

hj = s for j odd , hj = 1—s for j even , (6-2) 

where s is any real number. 

The existence of these rather strange conformal symmetries can be traced to a specific 
feature of the simple root systems of type A*. They can be divided into disjoint sets 
JF = {aj e T | j even } and T\ = {aj G T \ j odd } and on each of these individually 
the inner-product vanishes, so we obtain a non-zero result only when we choose one vector 
from each set. For this to hold it is obviously necessary that all the simple roots are null, 
but this is by no means sufficient, and it is not difficult to see that the A* root systems 
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are the unique ones having this property. The reason it is important is that the conformal 
weights of a fermion are usually fixed to be 1/2 by its kinetic terms, but when we have 
inner-products of this peculiar type a fermion field never appears paired with itself in the 
kinetic term, because of the degeneracy. 

These remarks strongly suggest that non-standard conformal symmetries (6.1) with 
hj 7^ 1/2 occur only for the models that we have just discussed based on the A* root 
systems. Although there are many other Toda models based on linearly-dependent simple 
root systems with conformally-invariant bosonic sectors, it seems likely that for these the 
conformal symmetry is irrevocably broken by the addition of fermions. This is similar in 
many ways to some recent results concerning the incompatibility of (1,0) supersymmetry 
and extended conformal invariance in Toda models [42]. 

The emergence of fermions with integer spin is reminiscent of ghosts in a topological 
field theory. Indeed, the special feature of the A* root system — that it can be divided into 
the two disjoint degenerate sets JF and T\ — is also known to be linked to the existence of 
N = 2 supersymmetry in certain versions of the A(m, m— 1) models [13,14,15]. It is natural 
to expect that the family of conformal symmetries which exists between s = 1/2 and s = 
or 1 should correspond to the usual twisting of an iV = 2 model into a topological theory. 
The fact that the conformal symmetry of the A(m, m) model exists only for s = means 
that it does not seem to be immediately related to a topological twisting; nevertheless 
it would be interesting to investigate whether it too might have a topological character. 
Topological properties of massive Toda theories have already been investigated in [26] . 

7. Twisted reality conditions 

We now discuss one last ingredient which is important in the taxonomy of Toda 
models. We have assumed so far that the fields appearing in the Toda equations are real. 
In fact the integrability of the equations is unaffected if we take all the fields to be complex 
in (3.1), so there exist complex versions of all the Toda theories we have been considering. 
A related possibility which is more interesting in many respects is to impose non-standard 
or twisted reality conditions on the fields, corresponding to a reflection symmetry of the 
simple root system 1Z. This was first pointed out for abelian Toda models in [14] and 
applied to the study of N = 2 supersymmetry in [14,15]; the construction has recently been 
related to Hamiltonian reduction and extended to the case of non-abelian Toda models in 
[19]. 

In the bosonic case, a symmetry of 1Z is equivalent to a symmetry of the Dynkin 
diagram. For superalgebras, however, we encounter once again the problem that the 
diagram may have more symmetry than the Cartan matrix, because of the now familiar 
issue of signs. With the approach we have developed in this paper, we can extend the 
results of [14], clarifying the effect on the bosonic sector. 

Proposition 7: Let a be a permutation of order two acting on a set of simple roots 71. 
(a) We can impose reality conditions 

a t ■ $* = a a(i) • $ (7.1) 

consistent with integrability of the Toda equations based on 1Z provided: 

a <j(i)a(j) = ciij and ^(j) = Hi . (7.2) 
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The first condition means that a can be regarded as a reflection symmetry of the Dynkin 
diagram even after attaching signs as described in Section 2. The second condition is 
automatically satisfied if we have chosen |^| = 1 when n = r, or if we have chosen pi to 
coincide with the unique null eigenvector of the Cartan matrix when n = r+1. (We have 
assumed pi real, but there is actually no loss of generality in doing this.) 

(b) The permutation a acts in an obvious way as a symmetry of the associated bosonic 
root systems B±. The bosonic sector of the theory defined by (7.1) therefore consists 
of bosonic Toda theories, as explained in Proposition 2, but each with twisted reality 
conditions corresponding to these symmetries of B±. 

(c) Taking standard reality conditions, a = 1, or twisted reality conditions, a ^ 1, does not 
affect whether the theory is conformally-invariant (under (4.1)), or whether it is massive, 
in which case the classical mass spectrum is unchanged. 

Proof: The results all follow easily from (3.1), (3.5) and the definition of B±. Notice that 
the conformal transformations in (4.1) only change the real parts of the fields, no matter 
what reality conditions are chosen. The mass spectrum is obtained by linearizing the 
equations of motion (3.5) and so it is clear that this is unchanged. 

The imposition of twisted reality conditions amounts to taking certain components of 
the Toda field to be imaginary rather than real, but in a way which preserves the reality of 
the lagrangian. This can be thought of as a kind of generalization of the simple behaviour 
of a free massless scalar field, for which 



All bosonic Toda theories have lagrangians of definite signature, so changing the reality 
conditions of the fields must always lead to a lagrangian of indefinite signature, except 
perhaps when there is only one independent field, as for the free scalar above. The be- 
haviour (7.3) cannot be generalized to the Liouville theory, because there is no non-trivial 
symmetry of the Dynkin diagram for Ai, but it can be generalized to its affine counterpart, 
the sinh-Gordon theory, based on the algebra A^ 1 . 

We discussed the sinh-Gordon theory as example (1) from Table 4, and we saw that the 
model consists of a single bosonic field (since the accompanying free fermion can essentially 
be ignored) with lagrangian 



There is clearly a symmetry a of the Dynkin diagram which exchanges its two nodes 
and corresponds to reflection in a vertical axis through the figure drawn in Table 4. The 
imposition of reality conditions (7.1) corresponding to this symmetry means that we must 
set 4> = ip where p is real. But 



4> = ip =^ Lf ree (</>) 




(7.3) 



£smh(</>; m) = d+(f> d-4> — m 2 sinh 2 </> 

= <9+0<9_0 - im 2 (cosh2(/> - 1) . 



(7.4) 



4> = ip =>- L s inh(0; rn) 



L sin (p;m) , 



(7.5) 



where we introduce the well-known sine- Gordon lagrangian 



L s in(p; m) = d + p d-p — m 2 sin 2 p 

= d + pd-p+ ^m 2 (cos 2p — 1) . 



(7.6) 
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Twisted reality conditions are therefore important in understanding how the sine-Gordon 
theory fits into the general framework of the Toda construction. We repeat that this is the 
only bosonic example for which a lagrangian of definite signature (albeit negative) emerges 
when twisted reality conditions are used; all other bosonic theories acquire indefinite sig- 
nature. 

These observations are easily extended to the supersymmetric sinh-Gordon theory, 
example (2) of Table 4. Again the symmetry corresponds to reflection in vertical axes 
through the diagrams in the Table. When (7.1) is applied to the fermions we must take 
ifj = iX with A real. But then 

if, = i\ L free (?/>) = -Lfree(A) . (7.7) 

(Strictly speaking this applies in the previous example too, although there the fermions 
were ultimately irrelevant.) The interaction term (5.3) also remains real, becoming 

L int = —mXXcosp (7.8) 

when expressed in terms p and A. (See [21] for the super sine-Gordon S-matrix.) 

When we consider other superalgebra models, we find that the situation encountered 
for bosonic theories may be reversed: starting from a model with an indefinite lagrangian, it 
may be possible to choose reality conditions which render the lagrangian positive-definite. 
The superalgebra models that have positive-definite actions with conventional reality con- 
ditions were studied by Olshanetsky [9]; these are the theories to which we have already 
drawn attention in Table 2. In addition, it was pointed out in [14] that the family of 
conformal models based on the algebras C(m) with simple roots of type D* have indefinite 
signature with conventional reality conditions, but become positive-definite when twisted 
reality conditions are used. 

The first two members of this conformal series were discussed as examples (4) and 
(6) in Table 3 (recall that A(1,0) = C(2)). Referring to the explicit descriptions of these 
models and their Cartan matrices given there, we clearly have a reflection symmetry a 
defined by exchange of the roots labelled in each case by 1 and 2. The corresponding 
reality condition (7.1) implies that u and X should still be real, but now v = iw and rj = iX 
where w and A are real. For the lagrangian written in (4.7) we see that L + is unchanged 
but L = — Lf ree (v) = Lf ree (ty) so that Lb os becomes positive-definite. Similarly in the 
fermionic sector (4.9) we have Lf ree (?7) = — Lf ree (A) so that Lf erm is now also positive- 
definite. Lastly, the interaction term (4.10) becomes 

Lmt = (XX — XX) exp u cos w — 2xX exp u sin w . (7.9) 

The case C(2) is the N = 2 super-Liouville theory; for more details, including the N = 2 
superspace description, see eg. [15,12]. 

In [14] it was shown that C(m) is the only family of conformal theories for which 
twisted reality conditions lead to positive-definite actions in the way we have just described. 
The techniques we have developed in this paper allow one to prove this in a much simpler 
way, and also to extend the analysis beyond the super sinh/sine-Gordon theory to all affine 
superalgebras. 

Proposition 8: The simple root systems 1Z which yield positive-definite Toda lagrangians 
in conjunction with twisted reality conditions are those listed in Table 5. 
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Table 5: Root systems with positive-definite twisted reality conditions 



(a) Conformal theories 

Superalgebra 

A(1,0) = C(2) 
C(m+1) 

(b) Massive theories 



Simple root system 

A* 2 nodes 
D* m+1 nodes 



Bosonic sector 

Ai0U(l) 

c m eu(i) 



Superalgebra 


Simple 


root system 


Bosonic sector 


A« 


B-B 


2 nodes 


a« 




C(2)( 2 ) 


B*-B* 


2 nodes 


AS" 




A(1,1)W 


A* 


4 nodes 


A?>< 


BAi" 


B(1,1)W 


D*-B* 


3 nodes 


A?>. 




D(2,l)« 


D*-D* 


4 nodes 


A?>. 


BA^eA^ 1 ' 


D(2,l;a)W 






A?». 


BA^'eA* 1 ' 



(c) Mixed conformal and massive bosonic sectors 



Superalgebra 

C(m)« 

A(2m-l,l)( 2) 

A(2m-2,1)( 2 ) 

B(l,m)W 

D(2,m)W 



Simple root system 



D*-C 
D*-D 
D*-B 

D>K-B>K 

D*-D* 



m+1 nodes 
m+2 nodes 
m+1 nodes 
m+2 nodes 
m+3 nodes 



Bosonic sector 

cff_i©u(i) 

a£_!®u(i) 

AS_ 2 eu(i) 

C^©U(1) 

cS } eu(i)©u(i) 



For all entries in the table, m > 2. The notation used for Dynkin diagrams combines the 
building blocks introduced in Figures 2, 3 and 4. 

Proof: The theory will have definite signature only if one of the systems B± is either empty 
or corresponds to A^ 1 . On any other kind of bosonic subsystem, the symmetry must act 
trivially. Together these facts tightly constrain the possible Dynkin diagrams which need 
be considered. But even when these conditions are met, we must still check that the scalar 
fields are also given the correct signs by the choice of reality condition. These observations 
quickly narrow down the possibilities to those listed in Table 5, which can then be checked 
case by case. 

Notice that the last two classical entries in section (b) of Table 5 are limiting cases 
of the last two infinite families in section (c). It is important to treat them separately, 
however, since they behave differently from the other members of their families. This is 
because there are more connected fermionic nodes in their Dynkin diagrams, and so their 
bosonic sectors, as found by our diagrammatic methods, deviate slightly from the general 
patterns found for the infinite series. In particular, the scalar fields corresponding to the 
U(l) factors which occur for the infinite families are absent in these two special cases. This 
is in accordance with Proposition 6, which states that a theory is purely massive if it is 
based on an affine system of fermionic simple roots. 

The families in section (c) of Table 5 may prove interesting to investigate in the future, 
since they involve a mixture of massive and massless degrees of freedom. Their structure, 
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including the interaction potentials, can easily be found explicitly by adapting what we 
have already said about the conformal cases based on C(2), C(3) and the generalization 
to C(m). Of most immediate interest, however, are the models singled out in section (b) 
of Table 5. The first two cases are the sinh/sine-Gordon theory and its supersymmetric 
extension, which we discussed above. In addition, we find the examples (3) (4) and (5) 
from our list given earlier in Table 4. In each of these cases the new reality conditions 
correspond to a reflection symmetry in a horizontal axis through the diagrams drawn in 
Table 4, and the orientations of the diagrams for B± then reveal how this symmetry acts 
on these associated sets of bosonic roots. 

In example (4) it is important that 7 = 1 in order to fulfill the second criterion in 
(7.2) of Proposition 7. Using the notation introduced earlier, the new reality conditions 
correspond to setting v = iw and rj = iX. The bosonic lagrangian becomes positive-definite 
because L_ = — Lsinh^, m) = L s i n (w,m) giving 

L bos = L sinh (u; m) + L sin (w; m) (7.10) 

so that we end up with independent sinh-Gordon and sine-Gordon theories. Similarly, in 
the fermionic sector Lf ree (??) = —Lf ree (X) so that 

£ferm = L {ree (rj) + £free(A) (7-11) 

is also positive-definite. The interaction term (5.9) becomes 

Lint = iti(xX — XX) cosh u cos w — 2mX.X sinh it sin w (7-12) 

which is clearly real, as it should be. This is the N = 2 super sine/sinh- Gordon theory 
(see [23] for a discussion of the S-matrix). 

Examples (3) and (5) are related, as we remarked earlier. Concentrating on the latter 
case, the new reality conditions are Vj = iwj and rjj = iXj with j = 1,2, where the new 
fields are all real. We then find a bosonic sector consisting of a single sinh-Gordon model 
and two sine-Gordon models: 

-^bos -^sinh 

(it; 2m) + 2L sin (w 1 ;m) + 2L sin (w 2 ;m) , (7.13) 
while the fermionic lagrangian is also positive-definite: 

-kferm = ^free(X) + 2Lf ree (Ai) + 2Lf ree (A2) , (7-14) 

and the interaction term (5.12) becomes 

Lint = m(xx - A1A1 - A 2 A2){exp-ucos(tyi + w 2 ) + exp (—it) cos(k;i - u^) } 

— 2mAiA2{exp'ucos(uJi + w 2 ) — exp (—it) cos(k;i — w 2 ) } ^ ^ 

— 2mxAi{ exp-usin(«;i + w 2 ) — exp (— u) sin(«;i — w 2 ) } 

— 2mxA2{ exp u sin(«;i + -u^) + exp (—u) sm(wi — w 2 ) } . 

The generalization to D(2, ljai)^ 1 ) will be considered in detail elsewhere [43]. It would be 
very interesting to find the S-matrices corresponding to these new models. 
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8. Concluding Remarks 



In this paper we have attempted to develop a general and coherent approach to the 
analysis of Toda systems based on Lie superalgebras. The observation at the heart of 
the paper concerns the relationship between the simple root system 1Z for a superalgebra 
and the two associated bosonic root systems £>±, which allows one to read off the bosonic 
content of the integrable model. As part of this discussion, we also hope to have clarified 
a number of issues regarding Lie superalgebras, simple root systems, and their Dynkin 
diagrams, which may be of interest quite independent of any connection to integrable 
systems. 

As far as Toda theories themselves are concerned, one obvious problem is to extend 
the methods developed here to the non-abelian situation. There are also a number of new 
models we have found which would be very interesting to study further at the quantum 
level, particularly the supersymmetric combinations of sine/sinh-Gordon theories discussed 
in the last section. 
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